Hermite-Hadamard type inequalities for harmonically ({\alpha},m)-convex
  functions by Iscan, Imdat
ar
X
iv
:1
30
7.
54
02
v3
  [
ma
th.
CA
]  
17
 A
pr
 20
15
HERMITE-HADAMARD TYPE INEQUALITIES FOR
HARMONICALLY (α,m)-CONVEX FUNCTIONS
I˙MDAT I˙S¸CAN
Abstract. The author introduces the concept of harmonically (α,m)-convex
functions and establishes some Hermite-Hadamard type inequalities of these
classes of functions.
1. Introduction
Let f : I ⊆ R→ R be a convex function defined on the interval I of real numbers
and a, b ∈ I with a < b. The following double inequality is well known in the
literature as Hermite-Hadamard integral inequality
(1.1) f
(
a+ b
2
)
≤ 1
b− a
b∫
a
f(x)dx ≤ f(a) + f(b)
2
.
The class of (α,m)-convex functions was first introduced In [8], and it is defined
as follows:
Definition 1. The function f : [0, b]→ R, b > 0, is said to be (α,m)-convex where
(α,m) ∈ [0, 1]2, if we have
f (tx+m(1− t)y) ≤ tαf(x) +m(1− tα)f(y)
for all x, y ∈ [0, b] and t ∈ [0, 1].
It can be easily that for (α,m) ∈ {(0, 0), (α, 0), (1, 0), (1,m), (1, 1), (α, 1)} one
obtains the following classes of functions: increasing, α-starshaped, starshaped,
m-convex, convex, α-convex.
Denote by Kαm(b) the set of all (α,m)-convex functions on [0, b] for which f(0) ≤
0. For recent results and generalizations concerning (α,m)-convex functions (see
[2, 4, 5, 6, 8, 9, 10, 11, 12] ).
In [7], the author gave definition of harmonically convex functions and established
some Hermite-Hadamard type inequalities for harmonically convex functions as
follows:
Definition 2. Let I ⊂ R\ {0} be a real interval. A function f : I → R is said to
be harmonically convex, if
(1.2) f
(
xy
tx+ (1− t)y
)
≤ tf(y) + (1 − t)f(x)
for all x, y ∈ I and t ∈ [0, 1]. If the inequality in (1.2) is reversed, then f is said to
be harmonically concave.
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Theorem 1. Let f : I ⊂ R\ {0} → R be a harmonically convex function and
a, b ∈ I with a < b. If f ∈ L[a, b] then the following inequalities hold
(1.3) f
(
2ab
a+ b
)
≤ ab
b− a
b∫
a
f(x)
x2
dx ≤ f(a) + f(b)
2
.
The above inequalities are sharp.
Theorem 2. Let f : I ⊂ (0,∞) → R be a differentiable function on I◦, a, b ∈ I
with a < b, and f ′ ∈ L[a, b]. If |f ′|q is harmonically convex on [a, b] for q ≥ 1, then∣∣∣∣∣∣
f(a) + f(b)
2
− ab
b− a
b∫
a
f(x)
x2
dx
∣∣∣∣∣∣(1.4)
≤ ab (b− a)
2
λ
1− 1
q
1
[
λ2 |f ′ (a)|q + λ3 |f ′ (b)|q
] 1
q ,
where
λ1 =
1
ab
− 2
(b− a)2 ln
(
(a+ b)2
4ab
)
,
λ2 =
−1
b (b− a) +
3a+ b
(b− a)3 ln
(
(a+ b)
2
4ab
)
,
λ3 =
1
a (b− a) −
3b+ a
(b− a)3 ln
(
(a+ b)
2
4ab
)
= λ1 − λ2.
Theorem 3. Let f : I ⊂ (0,∞)→ R be a differentiable function on I◦, a, b ∈ I with
a < b, and f ′ ∈ L[a, b]. If |f ′|q is harmonically convex on [a, b] for q > 1, 1p+ 1q = 1,
then ∣∣∣∣∣∣
f(a) + f(b)
2
− ab
b− a
b∫
a
f(x)
x2
dx
∣∣∣∣∣∣(1.5)
≤ ab (b− a)
2
(
1
p+ 1
) 1
p (
µ1 |f ′ (a)|q + µ2 |f ′ (b)|q
) 1
q ,
where
µ1 =
[
a2−2q + b1−2q [(b− a) (1− 2q)− a]]
2 (b− a)2 (1− q) (1− 2q) ,
µ2 =
[
b2−2q − a1−2q [(b− a) (1− 2q) + b]]
2 (b− a)2 (1− q) (1− 2q) .
In [7], the author gave the following identity for differentiable functions.
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Lemma 1. Let f : I ⊂ R\ {0} → R be a differentiable function on I◦ and a, b ∈ I
with a < b. If f ′ ∈ L[a, b] then
f(a) + f(b)
2
− ab
b− a
b∫
a
f(x)
x2
dx
=
ab (b− a)
2
1∫
0
1− 2t
(tb + (1− t)a)2 f
′
(
ab
tb+ (1 − t)a
)
dt.
The main purpose of this paper is to introduce the concept of harmonically
(α,m)-convex functions and establish some new Hermite-Hadamard type inequali-
ties for these classes of functions.
2. Main Results
Definition 3. The function f : (0, b∗] → R, b∗ > 0, is said to be harmonically
(α,m)-convex, where α ∈ [0, 1] and m ∈ (0, 1], if
(2.1) f
(
mxy
mty + (1− t)x
)
= f
((
t
x
+
1− t
my
)
−1
)
≤ tαf(x) +m(1− tα)f(y)
for all x, y ∈ (0, b∗] and t ∈ [0, 1]. If the inequality in (2.1) is reversed, then f is
said to be harmonically (α,m)-concave.
Remark 1. When m = α = 1, the harmonically (α,m)-convex (concave) function
defined in Definition 3 becomes a harmonically convex (concave) function defined
in [7]. Thus, every harmonically convex (concave) function is also harmonically
(1, 1)-convex (concave) function.
The following proposition is obvious.
Proposition 1. Let f : (0, b∗]→ R be a function.
a) if f is (α,m)-convex and nondecreasing function then f is harmonically
(α,m)-convex.
b) if f is harmonically (α,m)-convex and nonincreasing function then f is
(α,m)-convex.
Proof. For all t ∈ [0, 1], m ∈ (0, 1] and x, y ∈ (0, b∗] we have
t(1− t) (x−my)2 ≥ 0,
then the following inequality holds
(2.2)
mxy
mty + (1− t)x ≤ tx+m(1− t)y.
By the inequality (2.2), the proof is completed. 
Remark 2. According to Proposition 1, every nondecreasing s-convex function in
the first sense (or (s, 1)-convex function) is also harmonically (s, 1)-convex function.
Example 1. Let s ∈ (0, 1], then the function f : (0,∞) → R, f(x) = xs is
a nondecreasing s-convex function in the first sense [3]. According to the above
Remark f is also harmonically (s, 1)-convex function.
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Proposition 2. Let α ∈ [0, 1], m ∈ (0, 1] , f : [a,mb] ⊂ (0, b∗] → R, b∗ > 0,
be a function and g : [a,mb] → [a,mb], g (x) = maba+mb−x , a < mb. Then f is
harmonically (α,m)-convex on [a,mb] if and only if f◦g is (α,m)-convex on [a,mb] .
Proof. Since
(2.3) (f ◦ g) (ta+m(1− t)b) = f
(
mab
mtb+ (1 − t)a
)
,
for all t ∈ [0, 1], m ∈ (0, 1]. The proof is obvious from equality (2.3). 
The following result of the Hermite-Hadamard type holds.
Theorem 4. Let f : (0,∞) → R be a harmonically (α,m)-convex function with
α ∈ [0, 1] and m ∈ (0, 1]. If 0 < a < b < ∞ and f ∈ L[a, b], then one has the
inequality
(2.4)
ab
b− a
b∫
a
f(x)
x2
dx ≤ min
{
f(a) + αmf( bm )
α+ 1
,
f(b) + αmf( am )
α+ 1
}
.
Proof. Since f : (0,∞)→ R is a harmonically (α,m)-convex function, we have, for
all x, y ∈ I
f
(
xy
ty + (1− t)x
)
= f
(
m ymx
tm ym + (1− t)x
)
≤ tαf(x) +m(1− tα)f( y
m
)
which gives:
f
(
ab
tb+ (1 − t)a
)
≤ tαf(a) +m(1 − tα)f( b
m
)
and
f
(
ab
ta+ (1− t)b
)
≤ tαf(b) +m(1− tα)f( a
m
)
for all t ∈ [0, 1]. Integrating on [0, 1] we obtain
1∫
0
f
(
ab
tb+ (1− t)a
)
dt ≤ f(a) + αmf(
b
m)
α+ 1
and
1∫
0
f
(
ab
ta+ (1− t)b
)
dt ≤ f(b) + αmf(
a
m )
α+ 1
.
However,
1∫
0
f
(
ab
tb+ (1− t)a
)
dt =
1∫
0
f
(
ab
ta+ (1− t)b
)
dt =
ab
b− a
b∫
a
f(x)
x2
dx
and the inequality (2.4) is obtained. 
Remark 3. If we take α = m = 1 in Theorem 4, then inequality (2.4) becomes the
right-hand side of inequality (1.3).
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Corollary 1. If we take m = 1 in Theorem 4, then we get
(2.5)
ab
b− a
b∫
a
f(x)
x2
dx ≤ min
{
f(a) + αf(b)
α+ 1
,
f(b) + αf(a)
α+ 1
}
Theorem 5. Let f : I ⊂ (0,∞)→ R be a differentiable function on I◦, a, b/m ∈ I◦
with a < b, m ∈ (0, 1] and f ′ ∈ L[a, b]. If |f ′|q is harmonically (α,m)-convex on
[a, b/m] for q ≥ 1, with α ∈ [0, 1], then∣∣∣∣∣∣
f(a) + f(b)
2
− ab
b− a
b∫
a
f(x)
x2
dx
∣∣∣∣∣∣
≤ ab (b− a)
22−1/q
[
λ(α, q; a, b) |f ′ (a)|q +mµ(α, q; a, b) |f ′ (b/m)|q] 1q ,
where
λ(α, q; a, b) =
β (1, α+ 2)
b2q
.2F1
(
2q, 1;α+ 3; 1− a
b
)
− β (2, α+ 1)
b2q
.2F1
(
2q, 2;α+ 3; 1− a
b
)
+
22q−αβ (2, α+ 1)
(a+ b)
2q .2F1
(
2q, 2;α+ 3; 1− 2a
a+ b
)
,
µ(α, q; a, b) = λ(0, q; a, b)− λ(α, q; a, b),
β is Euler Beta function defined by
β (x, y) =
Γ(x)Γ(y)
Γ(x+ y)
=
1∫
0
tx−1 (1− t)y−1 dt, x, y > 0,
and 2F1 is hypergeometric function defined by
2F1 (a, b; c; z) =
1
β (b, c− b)
1∫
0
tb−1 (1− t)c−b−1 (1− zt)−a dt, c > b > 0, |z| < 1 (see [1]).
Proof. From Lemma 1 and using the power mean inequality, we have∣∣∣∣∣∣
f(a) + f(b)
2
− ab
b− a
b∫
a
f(x)
x2
dx
∣∣∣∣∣∣
≤ ab (b− a)
2
1∫
0
∣∣∣∣∣ 1− 2t(tb+ (1 − t)a)2
∣∣∣∣∣
∣∣∣∣f ′
(
ab
tb+ (1 − t)a
)∣∣∣∣ dt
≤ ab (b− a)
2

 1∫
0
|1− 2t| dt


1− 1
q
×

 1∫
0
|1− 2t|
(tb+ (1− t)a)2q
∣∣∣∣f ′
(
ab
tb+ (1− t)a
)∣∣∣∣
q
dt


1
q
.
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Hence, by harmonically (α,m)-convexity of |f ′|q on [a, b/m],we have∣∣∣∣∣∣
f(a) + f(b)
2
− ab
b− a
b∫
a
f(x)
x2
dx
∣∣∣∣∣∣
≤ ab (b− a)
2
(
1
2
)1− 1
q

 1∫
0
|1− 2t| [tα |f ′ (a)|q +m(1− tα) |f ′ (b/m)|q]
(tb+ (1− t)a)2q dt


1
q
≤ ab (b− a)
22−1/q
[
λ(α, q; a, b) |f ′ (a)|q +m (λ(0, q; a, b)− λ(α, q; a, b)) |f ′ (b/m)|q] 1q .
It is easily check that
1∫
0
|1− 2t| tα
(tb+ (1 − t)a)2q dt = 2
1/2∫
0
(1− 2t) tα
(tb+ (1 − t)a)2q dt−
1∫
0
(1− 2t) tα
(tb+ (1− t)a)2q dt
=
β (1, α+ 2)
b2q
.2F1
(
2q, 1;α+ 3; 1− a
b
)
− β (2, α+ 1)
b2q
.2F1
(
2q, 2;α+ 3; 1− a
b
)
+
22q−αβ (2, α+ 1)
(a+ b)
2q .2F1
(
2q, 2;α+ 3; 1− 2a
a+ b
)
= λ(α, q; a, b)
1∫
0
|1− 2t| (1− tα)
(tb+ (1 − t)a)2q dt = λ(0, q; a, b)− λ(α, q; a, b).
This completes the proof. 
If we take α = m = 1 in Theorem 5 then we get the following a new corrollary
for harmonically convex functions:
Corollary 2. Let f : I ⊂ (0,∞) → R be a differentiable function on I◦, a, b ∈ I◦
with a < b and f ′ ∈ L[a, b]. If |f ′|q is harmonically convex on [a, b] for q ≥ 1 then∣∣∣∣∣∣
f(a) + f(b)
2
− ab
b− a
b∫
a
f(x)
x2
dx
∣∣∣∣∣∣
≤ ab (b− a)
22−1/q
[
λ(1, q; a, b) |f ′ (a)|q + µ(1, q; a, b) |f ′ (b/m)|q] 1q .
Corollary 3. If we take m = 1 in Theorem 5 then we get
(2.6)
∣∣∣∣∣∣
f(a) + f(b)
2
− ab
b− a
b∫
a
f(x)
x2
dx
∣∣∣∣∣∣
≤ ab (b− a)
22−1/q
[
λ(α, q; a, b) |f ′ (a)|q + µ(α, q; a, b) |f ′ (b)|q] 1q .
Theorem 6. Let f : I ⊂ (0,∞)→ R be a differentiable function on I◦, a, b/m ∈ I◦
with a < b, m ∈ (0, 1] and f ′ ∈ L[a, b]. If |f ′|q is harmonically (α,m)-convex on
[a, b/m] for q ≥ 1, with α ∈ [0, 1] , then
(2.7)
∣∣∣∣∣∣
f(a) + f(b)
2
− ab
b− a
b∫
a
f(x)
x2
dx
∣∣∣∣∣∣
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≤ ab (b− a)
2
λ1−
1
q (0, q; a, b)
[
λ(α, 1; a, b) |f ′ (a)|q +mµ(α, 1; a, b) |f ′ (b/m)|q] 1q ,
where λ and µ is defined as in Theorem 5.
Proof. From Lemma 1, power mean inequality and the harmonically (α,m)-convexity
of |f ′|q on [a, b/m],we have,∣∣∣∣∣∣
f(a) + f(b)
2
− ab
b − a
b∫
a
f(x)
x2
dx
∣∣∣∣∣∣
≤ ab (b− a)
2
1∫
0
∣∣∣∣∣ 1− 2t(tb+ (1− t)a)2
∣∣∣∣∣
∣∣∣∣f ′
(
ab
tb+ (1− t)a
)∣∣∣∣ dt
≤ ab (b− a)
2

 1∫
0
∣∣∣∣∣ 1− 2t(tb+ (1 − t)a)2
∣∣∣∣∣ dt


1− 1
q
×

 1∫
0
|1− 2t| [tα |f ′ (a)|q +m(1− tα) |f ′ (b/m)|q]
(tb+ (1− t)a)2 dt


1
q
≤ ab (b− a)
2
λ1−
1
q (0, q; a, b)
[
λ(α, 1; a, b) |f ′ (a)|q +mµ(α, 1; a, b) |f ′ (b/m)|q] 1q .

Remark 4. If we take α = m = 1 in Theorem 6 then inequality (2.7) becomes
inequality (1.4) of Theorem 2.
Corollary 4. If we take m = 1 in Theorem 6 then we get
(2.8)
∣∣∣∣∣∣
f(a) + f(b)
2
− ab
b− a
b∫
a
f(x)
x2
dx
∣∣∣∣∣∣
≤ ab (b− a)
2
λ1−
1
q (0, q; a, b)
[
λ(α, 1; a, b) |f ′ (a)|q + µ(α, 1; a, b) |f ′ (b)|q] 1q ,
Theorem 7. Let f : I ⊂ (0,∞)→ R be a differentiable function on I◦, a, b/m ∈ I◦
with a < b, m ∈ (0, 1] , and f ′ ∈ L[a, b]. If |f ′|q is harmonically (α,m)-convex on
[a, b/m] for q > 1, 1p +
1
q = 1, with α ∈ [0, 1] , then
(2.9)
∣∣∣∣∣∣
f(a) + f(b)
2
− ab
b− a
b∫
a
f(x)
x2
dx
∣∣∣∣∣∣
≤ ab (b− a)
2
(
1
p+ 1
) 1
p (
ν(α, q; a, b) |f ′ (a)|q +m(ν(0, q; a, b)− ν(α, q; a, b)) |f ′ (b/m)|q) 1q
where
ν(α, q; a, b) =
β (1, α+ 1)
b2q
.2F1
(
2q, 1;α+ 2; 1− a
b
)
.
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Proof. From Lemma 1, Ho¨lder’s inequality and the harmonically (α,m)-convexity
of |f ′|q on [a, b/m],we have,∣∣∣∣∣∣
f(a) + f(b)
2
− ab
b− a
b∫
a
f(x)
x2
dx
∣∣∣∣∣∣
≤ ab (b− a)
2

 1∫
0
|1− 2t|p dt


1
p
×

 1∫
0
1
(tb+ (1 − t)a)2q
∣∣∣∣f ′
(
ab
tb+ (1− t)a
)∣∣∣∣
q
dt


1
q
≤ ab (b− a)
2
(
1
p+ 1
) 1
p

 1∫
0
tα |f ′ (a)|q +m(1 − tα) |f ′ (b/m)|q
(tb+ (1− t)a)2q
dt


1
q
≤ ab (b− a)
2
(
1
p+ 1
) 1
p (
ν(α, q; a, b) |f ′ (a)|q +m(ν(0, q; a, b)− ν(α, q; a, b)) |f ′ (b/m)|q) 1q ,
where an easy calculation gives
1∫
0
tα
(tb+ (1− t)a)2q dt
=
β (1, α+ 1)
b2q
.2F1
(
2q, 1;α+ 2; 1− a
b
)
= ν(α, q; a, b)
and
1∫
0
1− tα
(tb+ (1− t)a)2q dt
= ν(0, q; a, b)− ν(α, q; a, b).
This completes the proof. 
Remark 5. If we take α = m = 1 in Theorem 7 then inequality (2.9) becomes
inequality (1.5) of Theorem 3.
Corollary 5. If we take m = 1 in Theorem 7 then we get
(2.10)
∣∣∣∣∣∣
f(a) + f(b)
2
− ab
b− a
b∫
a
f(x)
x2
dx
∣∣∣∣∣∣
≤ ab (b− a)
2
(
1
p+ 1
) 1
p (
ν(α, q; a, b) |f ′ (a)|q + (ν(0, q; a, b)− ν(α, q; a, b)) |f ′ (b)|q) 1q .
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3. Some applications for special means
Let us recall the following special means of two nonnegative number a, b with
b > a :
(1) The weighted arithmetic mean
Aα (a, b) := αa+ (1− α)b, α ∈ [0, 1] .
(2) The arithmetic mean
A = A (a, b) :=
a+ b
2
.
(3) The geometric mean
G = G (a, b) :=
√
ab.
(4) The harmonic mean
H = H (a, b) :=
2ab
a+ b
.
(5) The p-Logarithmic mean
Lp = Lp (a, b) :=
(
bp+1 − ap+1
(p+ 1)(b− a)
) 1
p
, p ∈ R\ {−1, 0} .
Proposition 3. Let 0 < a < b. Then we have the following inequality
G2Lα−2α−2 ≤ min
{
A1/(α+1) (a
α, bα) , A1/(α+1) (b
α, aα)
}
.
Proof. The assertion follows from the inequality (2.5) in Corollary 1, for f : (0,∞)→
R, f(x) = xα, 0 < α < 1. 
Proposition 4. Let 0 < a < b, q ≥ 1 and 0 < α < 1. Then we have the following
inequality ∣∣∣A(aαq +1, bαq +1)−G2Lαq−1α
q
−1
∣∣∣
≤ ab (b− a) (α+ q)
q22−1/q
[λ(α, q; a, b)aα + µ(α, q; a, b)bα]
1
q .
Proof. The assertion follows from the inequality (2.6) in Corollary 3, for f : (0,∞)→
R, f(x) = x
α
q
+1/
(
α
q + 1
)
. 
Proposition 5. Let 0 < a < b, q ≥ 1 and 0 < α < 1. Then we have the following
inequality ∣∣∣A(aαq +1, bαq +1)−G2Lαq−1α
q
−1
∣∣∣
≤ ab (b− a) (α + q)
2q
λ1−
1
q (0, q; a, b) [λ(α, 1; a, b)aα + µ(α, 1; a, b)bα]
1
q ,
Proof. The assertion follows from the inequality (2.8) in Corollary 4, for f : (0,∞)→
R, f(x) = x
α
q
+1/
(
α
q + 1
)
. 
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Proposition 6. Let 0 < a < b, q > 1, 1/p+1/q = 1 and 0 < α < 1. Then we have
the following inequality ∣∣∣A(aαq +1, bαq +1)−G2Lαq−1α
q
−1
∣∣∣
≤ ab (b− a) (α+ q)
2q
(
1
p+ 1
) 1
p
(ν(α, q; a, b)aα + (ν(0, q; a, b)− ν(α, q; a, b))bα) 1q .
Proof. The assertion follows from the inequality (2.10) in Corollary 5, for f :
(0,∞)→ R, f(x) = xαq +1/
(
α
q + 1
)
. 
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